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A composite phase plane is introduced in order to describe geometrically the transients of
o distributed parameter system with only one physical dimension. Its intrinsic features are
discussed ond compared with those of the ordinary phase plane. For the plug-flow tubular
reactor an equivalence is established between bounds on the reactor transients and the con-
finement of their projections on the composite phase plane. A constrained integration method
is developed which enables one to find a region of stability for an adiabatic reactor, and a
related technique is demonstrated for a nonadiabatic case. A hypothetical reactor system is

analyzed numerically to illustrate the application.

The geometric arguments that accompany a phase plane
description of a dynamic system are well established in the
fields of control and reactor design, especially as they re-
late to transient bounds and stability relations. It is inter-
esting to note however that the various developments focus
either exclusively on lumped-parameter continuous stirred-
tank reactor models or steady state tubular reactor be-
havior.

It is the purpose of this paper to show that the well-
known substantial derivative transformation may be used
to define a composite phase plane which is useful in the
analysis of a plug-flow tubular reactor and retains much
of the geometric advantages of the familiar phase plane
of a lumped-parameter system. The analogous points of
the two are by no means self-evident, and the following
will focus on finding the significant differences and justify-
ing those parallels that do exist.

Recall that the phase plane for a continuous stirred-tank
reactor (CSTR) system (2, 4, 7, 8, 11, 13) is ordinarily
the concentration vs. temperature plane. When the co-
ordinates are translated such that the origin is at the
steady state (point) of interest, the phase plane will be
in terms of disturbed concentration and temperature

((,7\, ',r;\). Since the steady state concentration and tem-
perature in a tubular reactor are varying along the reactor,
the steady state profile is a curve stretching from x = 0
to x = L in (C, 5, x) space. At each x location a phase
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plane in terms of é\ and 7/7\ can be formed from known
values of C; and # at that point. As shown in Figure 1,
every one of these phase planes has its origin on the
steady state profile and is perpendicular to the x axis.
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A

Fig. 1. A series of ordinary phase planes along
a steady state curve in the space (C, 1, x).

A composite phase plane (CPP) may be defined in

A A . . .
terms of C and 4 as a projection of the set of ordinary
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phase planes in the x direction but along the steady state
profile. The ordinary phase plane of a CSTR system may
in a sense be considered as a special case of the composite
phase plane; however, the latter has its origin correspond-
ing to a steady state profile and the former to a single
steady state point. A typical composite phase plane is
shown in Figure 2.
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3>

s

Fig. 2. A composite phase plane with projec-
tions of typical transient curves in the space

(C, m, x).

The state of a CSTR at any moment can be represented
by a unique point in the ordinary phase plane. Its tran-
sient is the locus travelled by that point as time goes on.
Such trajectories do not cross each other or intersect
themselves, except in the case of limit cycles or at singular
points, but depend only on initial conditions. In contrast,

the state of a tubular reactor is a profile in (6, /7\;, x) space,
whose projection on the CPP requires representation by
the continuous variation with respect to time of the pro-
jected curve, The transient curve on the CPP may vary
its shape, length, and position, depending entirely on the
details of a particular system.

In the process of projection, the x position of every
point on the transient curve is ignored. As a result the
projected curves can intersect themselves or form closed
contours, if there are several points on a transient curve

possessing the same ¢ and {r]\ at different positions along
the x axis. This also points out that although each tran-
sient curve gives only one projected curve on the CPP, a
given curve on the CPP may correspond to more than
one transient curve in (C, 5, x) space. Several arbitrary
projected curves on CPP are shown in Figure 2. Since
trajectories in the phase plane represent unique transients
of a CSTR system, interpolation between trajectories is
valid, and a finite number of trajectories on the phase
plane are sufficient to show the dynamics of a CSTR sys-
tem (12). This convenient feature does not necessarily
attach to the composite phase plane because of the non-
unique correspondence between a projected and a tran-
sient curve. Hence the calculation of a few transient pro-
files whose projections cover a region in the CPP is not
sufficient to establish the dynamics of a tubular reactor.

SYSTEM EQUATIONS

A tubular reactor is said to operate under plug-flow
conditions, if axial mixing and diffusion and radial tem-
perature and concentration gradients are negligible. These
two assumptions normally also imply a flat velocity pro-
file across the reactor section. Velocity and all other physi-
cal constants of the fluid are treated as constant throughout
the reactor. In the case of a nonadiabatic reactor, con-
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stant wall temperature and heat transfer coefficient are
assumed.

The transients of such a plug-flow tubular reactor
(PFTR) can be described by the following pair of first-
order, quasilinear partial differential equations (PDE)
and end conditions:

39C/80 = — v (0C/dx) — R (1a)
pCp0T /30 = — pCpv (0T /0x) + AHR— K (T — Tw)(Ab,)
1

C(0,x) = ¢1(x); T(0,x) = ¢(x) (1c)
C(6,0) =Co; T(8,0) =T, (1d)

The boundary conditions deserve particular attention in
analyzing the stability of a distributed parameter system.

By letting 4 = (CppT/AH) and G = KA./pCp, Equa-
tion (1b) is normalized to

d/00 = —v(dn/dx) + R— G{(n— ) (2)
and the steady state system is governed by
v(dCs/dx) = — R; (3a)
v(dns/dx) = Ry — G (95 — mw) (3b)
Cs(0) = Cso3 ns(0) = mso (3¢)

For any fixed inlet conditions, solutions of Equations
(3a) and (3b) give a pair of steady state concentration
and temperature profiles C(x) and #s(x) with respect to
which disturbance variables can be defined as

A A
C———C-—Csand'r):'r)‘—-ns

Then
A A A
0C/90 = — v(9C/dx) — R (4a)
A A A A
d9/88 = — v(dy/0x) + R — Gy {4b)

A
where R = R — R,

A

It should be noted that R can be treated as a function of
A A

C and 7 with two parameters C; and s, the steady state

profiles. The trivial solution ¢ = 0, /7; = 0 represents
these steady state profiles. The stability of a given steady
state is investigated through Equations (4). At the same
time tquadons (lc) and (1d) suggest that disturbances
in the form of initial profiles as well as perturbed inlet
conditions should be expected.

SUBSTANTIAL DERIVATIVE TRANSFORMATION

If a substantial derivative is defined in the usual well-
known manner (5), Equations (4) become

A A
DC/Dr=—~R (5a)

A A A
Dy/Dr = R — Gy (5b)

The new independent variable r, usually considered as a
parameter along the characteristic line of the PDE (6,
10), is a combination of the time and x axes through
velocity v. For the tubular reactor studied here, it has a
physical significance explained in reference 5. By intro-
ducing a travelling time variable, the partial differential
equations have been transformed into a set of ordinary

A A

differential equations. The variables C and 7 still refer to
the given steady state profiles which are now functions
of =

Because of the combination of independent variables,
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the initial profiles in (1¢) become transients of the trans-
formed system and are therefore no longer explicitly
needed in determining the dynamics of the transformed
system, But since the inlet conditions in (1d) are needed
as initial conditions in solving the transformed equations,
these must be considered in the stability analysis of the
transformed system. The initial conditions required by
Equations (5) are

A A A A
C(r=0) =C, n(r=0) =, (5¢)

It should be noted that the suggestion of a transforma-
tion that substitutes an ordinary differential for a PDE is
found in Zubov (15) and in Hahn (6a); however, these
references deal with systems defined over an infinite inter-
val. When these ideas were applied without modification
to a PFTR they failed to give a region of stability or
boundedness (12a). The approach is unnecessarily- con-
servative, for it emerged from demands on an infinitely
long reactor. It is certainly true that the stability of such
an infinite system would guarantee the stability of any
finite part of the reactor, but for engineering purposes, a
more significant question applies specifically to the finite
length, regardiess of the ultimate behavior at infinite re-
moval.

In effect Equations (4) and (5) offer two different
ways to describe the transients of the same PFTR: one
considers the transient distributions of the state variables
along the whole reactor at any moment, and the other
traces the transients of a whole set of fluid sections as
they move along the reactor. The analysis that follows
dwells primarily on the latter concept and takes Equations
(5) as the transient equations of the PFTR system. How-
ever, the results will be interpreted both ways.

The transient equations of each fluid section are ordin-
ary differential equations with time varying parameters:
the steady state [Ci(r), 7s()]. The only effect of the
time varying parameters on the transient equations is to
shift the origin of the phase plane in such a way that it
always corresponds to the steady state at any moment r.
The transients of each fluid section at any moment, 0 =
7; = @1, can be represented by a point in the CPP with
the understanding that they refer to the steady state C;
and 7; at that specific moment.

As the fluid section moves along the reactor, its tran-
sients will trace on the CPP a trajectory unique to the ini-
tial conditions. Such a trajectory may appear on the CPP to
be a loop, a contour crossing itself, or a simple point other
than the origin. This peculiarity arises from the fact that
the origin of the CPP corresponds to a pair of time vary-
ing parameters. A trajectory that appears to be a single
point on the CPP implies that the transient profiles traced
by a fluid section as it moves down the reactor runs paral-

A
C
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Fig. 3. Projections on the composite phase
plane from trajectories traced by several fluid
sections of a PFTR.
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lel to the steady profile in C — 4 — = space. A trajectory
that crosses itself on the CPP means nothing more than

A

that the differences (C, :7\) between the trajectory of the
fluid section and the steady state profile at two or more
instants 7; are identical. Such characteristics on the CPP
ao nut in any way wndicate the nonuniqueness of the tran-
sient solutions of Equations (5). Some of the possible
trajectories of a fluid section are shown in the composite
phase plane of Figure 3.

One can obtain the transient profile of a PFTR at any
moment § by proper combination of the trajectories of a
series of fluid sections. It is instructive to study such
combinations on the CPP to derive the equivalence be-
tween bounds on the trajectories and the confinement of
the transient profiles. Assume that in Figure 4 curve MN
indicates the continuous variations of the inlet condition of
a PFTR from ¢ = 8y to § = 0y. From each point on MN
a trajectory is traced by a small fluid section which is
shown by the dashed line. These trajectories are all of
finite length because the equal residence time of every
fluid section is finite. Hence by collecting the terminal
points of all trajectories we obtain the corresponding
variations at the exit end of the reactor (line LP in Fig-
ure 4). At any time §; the transient curve can be formed
by sequential combination of the transients of a series of
consecutive fluid sections. Each trajectory in that series
contributes one point in forming the instantaneous curve.
By connecting these points on the CPP, one can obtain
the projection of the transient curve at that moment, as is
shown by a solid line in Figure 4. At each moment #§;
there is a projection of the instantaneous curve starting
at a point of MN (the inlet condition) and ending at a
point LP (the exit condition). A series of such solid lines
between MN and LP indicate the time variations of the
projection of the transient curve of the reactor from fu to
On. -

TRAJECTORY TRACED BY FLUID
SECTION ENTERING THE REACTOR
AT g,

N
T 3
»,

Fig. 4. Projections of transient curves of a
PFTR through orderly combinations of the
projections of trajectories of fluid sections.

ATE*0

These solid lines are not the same as the projected
curves shown in Figure 2, differing in one important as-
pect. Having lost the identification of an x coordinate of
the original transient curve, the projected curve does not
correspond to a unique profile. On the contrary, though
the solid lines in Figure 4 are also the projections of in-
stantaneous curves, they were obtained through sequential
combination of a series of trajectories of ordinary differen-
tial systems and correspond to unique transient curves.
Such a sequential combination preserves both the direc-
tion (from inlet end to exit end) and the orderly position
of the instantaneous curve along the x axis.

In Figure 4 the loci of inlet and exit disturbances are
MN and LP in the time period 6y = 6 = 6y, and be-
tween MN and LP one can trace out the locus of instan-
taneous disturbances at any = = 6. as the fluid section
travels from inlet to outlet. Such constant 7 loci are in
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essence constant x loci. The solid lines between MN and
LP are therefore projections that possess identifiable x
positions of the transient curves of the reactor. Thus the
dynamics of a PFTR system can be described by projec-
tions of instantaneous curves on the CPP between the
loci of disturbances at inlet and exit (MN and LP).

The transient curve of a PFTR system always can be
projected as one solid line between MN and LP, and con-
versely any solid line between MN and LP represents a
unique transient profile of the system. Thus, a bound on
one will limit the other.

Recall that initial conditions of a series of consecutive
fluid plugs are the inlet conditions of the reactor for a
period of time: fy = § = dy. Suppose that such inlet

A A
conditions are confined within a region & in the C — 4
plane at = 0. Then by direct integration of Equations
(5) a corresponding e region can be obtained in the

A A
C — 7 plane at 7 = @y. Since the solutions of Equations

(5) are uniquely determined by their initial conditions,
the 3 and e regions are related by a point-to-point map-
ping, and if the inlet conditions of a PFTR are limited
within a CPP region §, the reactor exit conditions must
lie in the CPP within a corresponding e region. Moreover,
because the transient curves generated from initial con-
ditions within 8 are confined within a CPP region between
8 and ¢, it is possible to find bounds to the transient
curves.

CONSTRAINED INTEGRATION: THE ADIABATIC PFTR

When the PFTR system is adiabatic, the transient
equations become symmetric and can be reduced to a one
dependent variable system. To show that this is so, con-
sider the adiabatic form of Equations (5):

A A A A
DC/Dr = — R(C, n; Cs, 1s) (6)
A A A A
Dn/Dr = R(C, %; Cs, 35)

AAA
where R{C, »; Cs, n;) indicates again that it is a function

of 6 and 4;\ with two parameters C; and #,. By addition
A A A A

DC/Dr + Dy/Dr=D(C +4)/Dr=20 (7)
A A A

C+9=K (8)
From the end conditions at inlet
A A A

K=C,+ (9)

that is, R s some constant which depends on the initial
conditions of the fluid section. Equation (8) is equiva-
lent to a constraint on the transients of an adiabatic
PFTR, which arises from the symmetric form of the
transient equations. A similar constraint was used in ref-
erence I4. Since the steady state equations of such an

. . . A
adiabatic reactor are also symmetric, Ks = Cs + s and K
remains unchanged from inlet to exit within a given fluid
section.

The constraint Equation (8) is represented by a family
of straight lines on the CPP with slopes of —1 and inter-

A
cepts of K. These constraint lines are shown in Figure 5

A
for different values of K. The transients of any fluid sec-
tion must follow one of the straight lines. Once the initial

A
disturbances of a fluid section fix K;, the transients of this
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fluid section will follow the particular constraint line

A A A
C + % = K; during its residence time in the reactor.

Fal
C Ib-moi/cu ft

A
Fig. 5. The family of R = 0 ond straight line constraints of an
adiabatic PFTR.

To estimate a region of stability it is necessary and de-
sirable to take advantage of constraint Equation (8). By
substituting Equation (8) into Equations (6) the original
transient equations are changed into two separate, un-
coupled equations:

A A A A
DC/Dr = -— Ry(C; K, C,, 3,) (10a)

A AN AN
Dyn/Dr = Ry(n; K, Cs, 75)

(10b)
A A A A

R, and R; are functions of C and 4, respectively, but both
have three parameters K, Cs, and ;. The solution of either
(10a) or (10b) will give the whole transient picture of
the system, for they are related through Equation (8).
Equation (10b) gives the rate of temperature change

A
along one of the constant K lines in the CPP. Its solution
will measure how far the transient temperature will go

A
along the constant K line from a given initial position

(;;\0, ﬁ). In general it is quite tedious to obtain regions of
stability through integrations of transient equations, but
for this particular case, because of constraint Equation
(8), the simplicity of Equation (10b), and the con-
venient CPP, integration of Equation (10b) offers a direct
way to find a region of stability.

A
In Figure 5 several constant K lines are drawn to-

A
gether with the extremes of the R = 0 family for a par-
ticular steady state curve given. From Equation (6b) the

sign of R is the same as that of D':;\/Dq-. There are thus
A

two regions in the CPP which are separated by the R = 0

family, for which opposite sigﬁs of Dfr\;/ D+ will be found.

At any point within the region ﬁ = 0, Dvly\/Dr can be
either positive, zero, or negative depending on which
point (Cg;, #s;) of the steady state curve it refers to. Com-
bining the feature of constant K lines and regions of sign

A

definiteness of Dv/Dr, the tendency of transients of the
system can be shown easily in the CPP. The arrows in
Figure 5 indicate the tendencies of transients at different
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sections of constant l/(\ lines. Anywhere to the left and
below the R = 0 family the movement is to decreasing
f,\’ along 45 deg. lines, whereas anywhere to the right and
above the ﬁ = 0 family the movement is to increasing,;;

along 45 deg. lines. Within the R=0 region the tendency

A A
can be either to increasing or decreasing v, or % may re-

main stationary. This much information is sufficient to
find a region of stability, for the object is not to pinpoint
all the transient behavior of this system.

Assume for the moment that the critical bound on the
transients is assigned at the exit end of the reactor as e.
For convenience ¢ may be chosen as a parallelogram about
the origin of the CPP. To find the corresponding region 8
at the inlet, a series of stage-by-stage, numerical integra-
tions of Equation (10b) is carried out along some con-

stant K lines that are within <. Because  is the given final
bound (r = 6.) and & is the limit at inlet (r = 0}, the
integrations are backward in the sense of moving time r.
Since the steady state curve is varying with respect to 7,
the integration of (10b) from 7+ = #, to + = 0 must be
performed section by section.

Actual calculations are much simplified by the known

transient tendencies shown in Figure 5. Only those /-r;,,’s
along part of the boundary of region e (that is, AB and
CD in Figure 6) need be calculated, and it may be antici-
pated that the resulting 8 should more or less look like the
region HIEFGH enclosed by heavier lines. If the lower
portion of 8, HIDC, can be neglected, calculations are
necessary only along AB. The final 8 region is CDEFGC.
In this case only part of the boundary of & (EFG) is
obtained through numerical integrations; the other parts
of the boundary are the results of straight line connections.

One may conclude that any disturbances at the inlet
of the reactor which belong to 8 should not get out of ¢
at the exit within the residence time of the fluid sections.
Because the estimation of the § region is made through
continuous backward integrations with a given region e
from + = 65, to » = 0, there should be an intermediate
region §; at each 7;, which corresponds to a unique pair
of & and e. These 8;s are defined along the reactor by
Equation (10) such that in the process of finding 3 the
whole set of 8;s from exit to inlet have been determined.
The totality of 8;'s so calculated is a bounding region ¥r

in space (é\, 1;: 7). Only the inlet and exit sections of ¥,
8 and e are shown in Figure 6. Since they are related
through simple integrations along the constraint lines, the
relationship between ¢ and & is both sufficient and neces-
sary: & is implied by a given ¢ and vice versa. It is be-
cause of this unique correspondence that 8 can sufficiently
be determined by mapping through Equation (10) along
only the boundary of e

In practical cases there are always some inequality con-
straints on state variables which ought to be considered in
stability analysis. Suppose that simple constraints of the
following forms are imposed on the PFTR system studied:

A A A
c<Cc<cC (11a)
A A A
2<7<19 (11b)

A ~ A A
where C and  represent the upper and C and y the lower

bounds on concentration and temperature disturbances.
These bounds are not time (#) dependent but may be
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space (x) dependent. For the moment they are assumed
to be constant along the reactor. With reference to Figure
6 where a pair of § and ¢ are shown, inequalities (11) are
satisfied at every point within the rectangular region in

the CPP.
\ \ L& 1b-mol/cu tt
\ v -0.04 €< ABCDA
\\ 6\ 8 =HIEFGH
\
A \_F B
A
-100 £ 100 i
< oo\
4
7 —
H ~ =~~~
I
--0.04

Fig. 6. The & and e regions of an adiabatic
PFTR.

The common region between § and the inequality con-
straint region on the CPP is defined as 8, the part of 8
that is acceptable. Since §,, is only a portion of §, there is
no longer the one-to-one correspondence between ¢ and
3, All possible transients with their initial disturbances
belonging to 8, will not at the exit occupy every part of
e. The trivial part of ¢, where no transients from &, will
reach, can be discarded without affecting the stability
region of the system. In doing so the e originally proposed
is modified according to the practically acceptable 8. To
find this modified ¢ from 8n, forward integation as by
(10) may be carried out along the boundary of 8,. As a
result a one-to-one correspondence is created between e
and 8., a pair shown in Figure 7. With all possible inlet
disturbances inside §, the transients of the system will be
confined at exit within e,. In what follows a numerical
example is worked out to show the feasibility of this ap-
proach with a set of realistic inequality constraints.

v e tb-mol /cu £t
\ 3
\\ \\ lo.04 Em=AFCLA
A Bm=EFBCJKLE
AR
2 MEL s
\
-100 £ 10 °F »
,r
e
X J T T~ L
F-0.04
Fig. 7. The modified d and ¢ of an adiabatic
PFTR.

NUMERICAL EXAMPLE

A simple, irreversible, first-order exothermic reaction is
assumed, with the kinetic rate of the Arrhenius type with
respect to temperature: CA exp (—Q/T). System con-
stants are chosen as follows:

A=1Xx 100 liter/hr.
Q=94x100 Btu/°R
AH =1 X 103 B.t.u./lb.-mole
p =50 Ib.-mole/cu. ft.
C,=1 B.t.u./lb.-mole-°F.
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C =025 1b.-mole/cu. ft.
T = 1,000 °R.

T; = 580 °R.

C; = 0.03 lb.-mole/cu. ft.
L = ft.

The steady state profiles from Equation (8) are shown

in Figure 8. The corresponding R=0 family in the com-
posite phase plane is shown in Figure 9. A rectangular
region about the origin of the CPP is selected as the de-
sirable region for the transients at the exit of the reactor,
a choice consistent with the observation that only the
upper and lower bounds of the state variables are speci-
fied. The region chosen for this example corresponds at
the exit to a concentration change from 0.03 to —0.009
Ib.-mole/cu. ft. (about 1009 of inlet concentration) and
a range of temperature change from 40° to —80°F.
about the steady state.

0.03
620
< Cs
=
< &
S 0.02]
3 ¥
2 2
z <<
S 600 &
- a
|~ s z
& 00! t
4
w
(=]
z
(=1
(%]
0 580
0 2.5 5.0

REACTOR L’ENGTH (ft)

Fig. 8. Steady state profiles of an adiabatic
PFTR.

\ ¢ Ib-mol/cu ft
Y €=ABCDA
\\ Lo,os 8 =EFMGCHIE
Vool 8m=EFGCHIE
\ A
A v FJVAG B
\
\\ \ N
\
E/N v
N
\\ \
-100 ~Q 100 °F A
0 _ ‘ ]
AT~
‘ b ==
D ~
~ »
Sa R=0
H =~ __
1 2

Fig. 9. The & and e of the example.

The state variable constraints arise from physical limi-
tations on the system as follows:

A —_
0<C+C;<C (12a)

A
<9+ 1<% (12b)

C is the largest concentration anticipated or allowed; %
and 5 are the largest and smallest temperatures specified

rearranged and put into discrete forms

A —_
—Cy; < C;<T—Cy (13a)

A
= 15 <M =7 — s (13b)
where j is the index of increments along the 7 axis. As
shown in Figure 9, the constrained integrations outlined
in the last section were carried out along the boundary
of the e region, namely, AB, BC, CD, and DA. Each inte-
gration step is checked by the inequality constraints (13).
The final results of these computations enable one to
trace the 3,, region shown in Figure 9. Any disturbance
in the fluid section at the inlet that is within the 8, region
will show transients bounded by the e region when that
fluid section reaches the exit end of the reactor. After 8,
has been found, the search for e, requires only forward
integrations along the FG part of the boundary of 8.
The resulting ¢, is shown in Figure 10. 8, and ¢, having
been found, the computations have already given the

boundary surface of ¥, in (6, 7/7\, 7) space. In Figure 10,
the shaded area and portions of the straight line on the
boundary are the projection of the boundary surface of
¥, between its two ends. Once 8, and e, are plotted on

the CPP, one may get the picture of region ¥, by inspec-
tion.

3m= EFGCHIE
€m * AFJCDA

Fig. 10. ey and &y, of the example.

Though the numerical example chosen shows rather
straight steady state profiles in temperature and concen-
tration (Figure 8), neither the procedures nor the results
depend on this fact. That similar results were obtained for
systems with more obviously curved profiles (12a) is
perhaps not surprising in view of the fact that the steady
states enter the analysis only as reference curves in the
definitions prior to Equations (4).

NONADIABATIC PFTR

Since the system equations for a nonadiabatic PFTR are
not symmetric, the procedure is somewhat different from
that for the adiabatic PFTR; nevertheless, bounds on the
transients of a nonadiabatic PFTR with two state vari-

ables (6, /1\,) can be found with virtually no more effort
than is required by the adiabatic case. In the following a
graphical composite phase plane approach is developed to
estimate a region of practical stability for any steady state
profile of a PFTR system with respect to excursions of the
most common variety. The tracking function (9) and iso-
cline (12) methods are exploited.

or allowed for the reaction system, respectivly. C, 7, and n Define W by

are both time and space independent. Since C; and #, are Ws = Cs + 5 (14a)
profiles along the reactor, the constraints in (12) are A A A

therefore space dependent. After these inequalities are W=0C+4nq (14b)
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Then, combining Equations (54) and (5b) one obtains

N AN
DW/Dr = Gy (15)

Equations (54) and (15) may be used to restrict the

slopes of transients at different regions in the CPP, since

they determine the trajectories’ directions with respect to

A A A A

C and W as functions of R and 7, respectively. That is,

A

transients must move in the direction of decreasing C in
A

any region of the CPP in which R > 0; they must move

A
in the direction of decreasing W in the right half plane

A I’y . . .
where % > 0. These and similar restrictions for other
regions are summarized in Table 1 and by the arrow sym-

A
bols in Figure 11. The family of R = 0 for a given steady
state profile is also shown by the two extreme curves

among the family, and the W axis is shown as the straight
line passing through the origin with a 45 deg. slope. A

A
point in the region occupied by the B = 0 family may
A
have a positive, zero, or negative DC/Dr, depending on
A
which single curve R; = 0 it refers to. In the terminology

A
of reference 9, W and ¢ may be considered as tracking

Fig. 11. The tendencies of trajectories traced
by fluid sections of a nonadiabatic PFTR.

N . . . v . /\ .
tunctions in the CPP, but it is worth noting that W is a
special tracking function: it is independent of the steady

A
state profile, since the C axis is the only curve in the CPP
A
that separates a region of DW/Ds < 0 from one where

D‘%/ Dr > 0.

With this information about the slopes and tendencies
of transients on hand, it is possible to draw lines which
confine the transients in most of the regions itemized in
Table 1. With reference to Figure 12, a straight line with
—1 slope bounds all transients below it in regions A and
H. Likewise, in regions D and F a straight line with —1
slope limits all transients above it. A horizontal line will
confine the transients above it in region B and below it in
region E. By connecting these bounding lines as shown,
an almost enclosed region is formed about the origin, open
only in regions D and F. If, as is often the case, a de-
signer is concerned only with possible excursions in the
direction of temperature increase (runaways, hotspots),
these bounds can be a practically reasonable basis for
design. If, on the other hand, there is danger in the low
temperature, high concentration direction, a means must
be found to close the gap in regions D and F. A tech-
nique for this will be egplored in a following paper.

>
[
o
a»

]

Fig. 12. An almost closed parallelogram on
the CPP formed by bounding straight lines.

A A
TABLE 1. QUALITATIVE DESCRIPTION OF THE TRANSIENTS (C,n) o~ tHE CPP ror THE NoNapiaBaTic PFTR

A
Constraints from g . dac
Equations (3a) ope = —- Trends of
Region or line and (15) dn trajectory
A A
Positive DC/Dt <0 —1 To decrease C
A N
6 axis Dn/Dt>0 To increase n
A A
Negative DC/Dt>0 —1 To increase C
A A
6 axis Dn/Dx <0 To decrease
A
A De’/ Dr=0 —180 deg. = ¢ = —45 deg. To decrease C
A
D\/J\V/ Dt=0 To decrease W
A A
B DC/Dt=0 135 deg. = ¢ = 180 deg. To increase C
A
D\/’\V/ Dr=0 To decrease W
A
D D/C\'/DT =0 0 deg. = ¢ == 135 deg. To increase C
A
D{)\V/Dt =0 To increase W
A
E DC/Dr=0 —45 deg. = ¢ = 0 deg, To decrease C
A A
DW/Dt=0 To increase W
F Similar to the case in either region D or region E
H Similar to the case in either region A or region B
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DISCUSSION

The composite phase plane approach is limited to sys-
tems with one physical dimension. In the foregoing it was
applied to the PFTR, but it is still valid in the presence of
axial mixing. This extension is the subject of another
paper now in preparation; however, it may be pointed
out that in this case the simple PFTR relations between
transient bounds and their projections on the CPP are
lost. If, on the other hand, the distributions of temperature
and concentration in both axial and radial directions of a
tubular reactor are considered, the system has two physi-
cal dimensions, and projections in the x direction alone
will fail to describe the dynamics of such a system.

Such a limitation in dimensionality does not occur in
principle with regard to the dependent variables, and it is
conceptually possible to study systems with three or more
state variables by projecting along the steady state pro-
file. Such studies would, however, be seriously hampered
by the difficulties and limitations common to higher di-
mensional state space graphs: primarily those arising from
the multidimensional visualizations which are demanded.
For practical engineering analysis, this technique seems
in effect to be applicable only to systems with one physi-
cal dimension and two state variables, well suited to many
tubular reactor studies.

Another phase plane analysis (I, 3) may be cited for
the sake of comparison and to further illustrate the CPP.
Eliminating the time variable from Equations (5), but
not using deviation variables, one can obtain

Dy (0 —1w)
e Y (S I 16
DC + R (16)

an equation representing the differential relation between
C and % at any 7 (or x). With a pair of C and = known
at inlet, the solution of Equation (16) traces the concen-
tration and temperature of a fluid section as it flows
through the reactor. Such a solution can be represented
as a curve on the C — # plane which is called a reaction
path in reference 1. This reaction path is in essence the
projection on the C — % plane of a trajectory of any fluid
section in the space (C, %, r). In a similar manner, if
Equation (3b) is combined with Equation (3a), one
obtains

d")s ("‘78 _ YIw)
_— e 4
ac, TETR,

(17)
This equation, a special case of the previous one, is used
in reference 3 to show the reaction path of any fluid sec-
tion for a pair of inlet conditions fixed in time 8. The re-
sulting curve on the C — % plane is also the projection of
the steady state curve in space (C, », x). This phase plane
differs from the composite phase plane in one aspect: the
origin of the CPP corresponds to the steady state curve,
while the C — #» plane has an origin at a pair of fixed
values of C and ». Thus the reaction path shown in refer-
ence 3 has shrunk to a single point at the origin of the
CPP. This further makes clear that the CPP has to be ex-

pressed in terms of disturbance variables (6, /'1;), and it
cannot be converted back to the C — « plane by simple
translation of coordinates as is the case for the ordinary
phase plane for lumped parameter systems.
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NOTATION

A = frequency factor ‘

A, = heat transfer area per unit volume of reactor
C = concentration of reactant

C, = specific heat

i

normalized heat of reaction

molal heat reaction

= overall heat transfer coefficient; constraint con-
stant

length of a reactor

rate of chemical reaction

absolute temperature

velocity of fluid or flow rate in the reactor

= combined variable defined by Equation (16)
reactor length dimension

Il

i

“ECHBN RED
I

I

Greek Letters

8 = region in the state space (or CPP) which cor-
responds to the inlet end of the reactor

region in the state space (or CPP) which corre-
sponds to the exit end of the reactor

|

lized (TCW)
7 = normalized temperature, INT,
4 = time
p = density
7 = moving time variable
¥; = bounding region

Superscript

A = disturbance variable
Subscripts

i = initial condition

0 == inlet condition

s = steady state

L = at exit
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